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Introduction

A local automorphism of an algebra A is arbitrary modular automorphism which acts on each
element o € A as suitable automorphism of this algebra. The local automorphisms of an algebra
A form a group under the composition of mappings (Lemma 1 in Section 1). Automorphisms of
an algebra are its trivial local automorphisms.

Local automorphisms and local derivations of an algebra are systematically studied since the
1990s. According to [1], local automorphisms of the algebra M (n,C) of complex n x n matrices
exhausted by automorphisms and anti-automorphisms. See also [2] for local automorphisms of
the simple Lie algebra sl over a field of characteristic zero. R. Crist [3] constructed first example
of a nontrivial local automorphism for subalgebra of triangular matrices in M (3, C) with pairwise
coincide elements on each diagonal.

Let K be an associative commutative ring with identity. In [4] and [5] local automorphisms
of the algebra NT(n, K) of nil-triangular n x n matrices over K and associated Lie algebra are
investigated; they are described for n = 3 and, when K is a field, for n = 4. In this article we
study the more general problem of describing local automorphisms of nil-triangular subalgebra
N®(K) of the Chevalley algebra over K associated with a root system ®. The main result is a
reduction Theorem 1 in Section 1. The proof of the theorem is devoted to Section 2. See also
the remarks in Section 3.

1. Remarks and the main theorem

Further K is an arbitrary associative commutative ring with identity, unless specified other-
wise.
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According to [5] and [6], a local autormorphism of an arbitrary K-algebra A is an automorphism
of the K-module A which acts on each element o € A as some automorphism depending, in
general, on the choice of . (Definition in [1] has certain difference.) Local ring automorphisms
are defined analogously. Denote by Laut A, the set of all local automorphisms of algebra A.

Lemma 1. The local automorphisms of any algebra A (similarly for the ring) form a group
under the composition of mappings.

Proof. Choose an arbitrary ¢,v € Laut A. They acts on each element z € A as some
automorphism ¢, v, of an algebra A. It is necessary to show that

(PY)z = ¢w(w)¢xv (92571)96 = (¢¢*1(z))717 r € A

It’s evident that, z = ¢(z) = ¢,(z) with uniquely z € A. Hence
¢~ (@) = 2= ¢ (9:(2)) = (¢2) 7' () = (&7 )al2),
(@9)(2) = ¢(¥x (7)) = by, () (Vu(7)) = (Dy(a)¥a) (2) = (¢)a ().

This completes the proof for local ring automorphisms. From here lemma follows easily. O
We investigate local automorphisms of a nil-triangular subalgebra in Chevalley K-algebras.

A Chevalley algebra over a field K is associated with each indecomposable root system & in
the Euclidean space and characterized by Chevalley base consisting of generating elements e,
(r € ®) [7, Sec. 4.4]. We fix a base II in ®. Positive system of roots & D II in & is unique [7].
The subalgebra N®(K) with the base {e, | r € ®*} is said to be a niltriangular subalgebra.

According to Chevalley’s theorem on base [7, Sec. 4.2], if r, s € ®T, then
erxes = Npserps=—€sxe, (r+se®), e xe;,=0(r—+s¢e),

where either N, = +1 or |r| = |s| < |r+ s| and N, ;s = £2 or ® is of type G2 and N, ; = £2
or £3. The signs of the structure constants N, s may be chosen arbitrarily (up to isomorphisms
N®(K)) for extraspecial pairs (r,s) € ®*, |7, Proposition 4.2.2|.

The height of the root r is the sum ht(r) of the coefficients in the expansion of r in the base
IT in ®. The Coxeter number h = h(®P) of the system ® equals ht(p) + 1, where p is a maximal
root in ®*, [7,8]. Subalgebras L,, with base {e, | r € ®*, ht(r) > m} form in the algebra
Ly = N®(K) the standard central series

LlDLQD---DthlzKepDLh:O,h:ht(p)+1. (1)

We now may to formulate our main theorem.

Theorem 1. The ideal Ly of Lie algebra N®(K) of classical type of rank > 4 is characteristic
and any local automorphism of N®(K) acts as its suitable automorphism, modulo Lo.

2. Proof of the main theorem

It is well known that the standard central series (1) of the algebra N®(K) is an upper central
(or hypercentral) and lower central, except the cases 2K # K, when the system ® has no roots of
different lengths and, also, the case 6K # K for type Gs. Thus, all ideals L,, in the Lie algebra
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NO®(K) are characteristic when all roots of the system ® have the same length or 2K = K for
the types B, C,, and Fj.

The Lie algebra N®(K) of type A,_1 is associated to the algebra NT'(n, K) of all lower
nil-triangular (with zeros on and above the main diagonal) n X n matrices over K. Usual matrix
units e;; (1 < j < i < n) gives Chevalley base {e, | 7 € ®*, e, = ¢;;} after the corresponding
numbering of the roots.

The Lie algebras N®(K) of type By, C,, and D,, are given in [9] similarly in the base of
matrix units e;,, respectively

—i<v<ig<n, —-i<v<i<n, v#0, 1<|v|<i<n.

We assume that r = r;, as e, = e;,. The sums of two roots that are the root, in addition to the
standard r;; +7j, = 7y, as for the type Ay, here also 74y +rm,—y = Tk,—m (K > m > |v]) and for
type Cp,, moreover, rg, + 75—y = T —k (k> |v|). Any element of the Lie algebra N®(K') here
is represented by a ®T-matrix ||a;y| = > asveip for corresponding type. Thus, the B, -matrix
has the form

a0

a2 —1 G20 21

Up,—n+1 -+ Ap,—1 Gpo Anl -.. Onn—1-
If we cancel zeros column, then we obtain D, -matrix.

Let T}, be the ideal of all ®*-matrices of ||ay,|| with the condition a,, = 0 for u < i or
v > m. We assume that T, := T;,, if for the selected ® and m the number ¢ is the smallest.

In the Lie algebra N®(K) of type B, (or NB,(K)), we select submodules R; := > Ke;,
i=j
1 < 7 < n, and also select the submodule LE-O with base {ey, |0 <v<u<n, u—v>j}
We need the following two lemmas from [10].

Lemma 2. Let 2K # K and n > 2. Then the Lie rings NB,(K) and NC,(K) generate
{Kej—1 (1<i<n); Key_1},
{Keii-1 2<i<n); Kej—; (1<i<n)},
respectively, and no Ke;, can be dropped in them.

Denote by Az, the annihilator of the element 2.
Lemma 3. Hypercenters of the Lie algebra NCy,(K) (n > 2) are written as

Zi = L2n7i + A2L2n7i71 (1 <1< 2n — 1), Z2n71 = Ll-
For the algebra NB,,(K) (n > 2) we have
Zi = Lop_; + A2R7L+1—i (1 <is<n-— 2)’ Lp_1 = Ln+1 + -AQRZ + -/42€n1a

Znyi = Lp—y + Ao R1 + AQL[O

n—i—2

0<i<n—-3), Zoyp_o=Lo+ AsLs.
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The diagonal automorphisms h(x) : e, — x(r)e, (r € ®T) of the Lie algebra N®(K) cor-
respond to each K-character y of the root lattices to the multiplicative group K* of invertible
elements of the ring K [7, Sec. 7.1].

For any root 7 the mapping ¢ — z.(t) := exp (¢ - ad.e,) (t € K) generate an isomorphism
of the additive group Kt := (K, +) to the automorphism group of the algebra Chevalley. Root
subgroups X, = z,(K) generate a Chevalley group, [7,11]. The restrictions of automorphisms of
its unipotent subgroup U®(K) = (X, (r € ®*)) generate the subgroup J of inner automorphisms
of the Lie algebra N®(K).

The standard automorphisms of the Lie algebra N®(K) include inner, diagonal, graph [7,
Ch. 12| and central automorphisms, that is, the identity automorphism modulo the center.

According to [9], if the Lie ring (or group) does not coincide with its mth hypercenter, then
its automorphism is said to be hypercentral of height m, or simply hypercentral, if it is the identity
automorphism modulo the mth hypercenter and an outer automorphism modulo the (m — 1)th
hypercenter.

The main hypercentral automorphisms of height > 1 of Lie algebras of N®(K) of classical
types are revealed previously, [12-14]. Let V(®, K') denote the subgroup generated by them.

It is well known that the adjoint group of the ring R = NT'(n, K) under the adjoint multipli-
cation aob = a + b+ ab is isomorphic to the unitriangular group UT'(n, K). The automorphism
group of the associated Lie algebra A(R) (that is, N®(K) of type A,_1) is found in [12]:

At AR)y=Z-J-V-D-W (n>4), (2)

where Z, D and W are subgroups of central, diagonal and idempotent automorphisms, respec-
tively. The subgroup V is generated by the main hypercentral automorphisms of height 2 and for
Ay # 0 — of height 3. For the Lie ring A(R) the subgroup ~ Aut K of induced automorphisms
is added, [12, Theorem 1|. The description of automorphisms in [12] also for n = 3,4 is certain
difference.

In the Lie algebra N®(K) of type By, the ideal Ly is larger than the commutant as 2K # K,
by Lemma 2 and Lemma 3. When Ay # 0, it less than hypercenter Zs,, 5. The Lie algebra
NB,,(K) admits hypercentral automorphisms, whose height depends linearly on the rank n. To
any pair t,d € Ay there corresponds such automorphism

n—1
Xtd: 0 —a+ Z ak,—1(texo + den,—k),
k=2
which translates the (—1)th column of the B;f-matrix to Oth column.

The subgroup in Aut N B, (K) isomorphic to the adjoint group in Ay form semi-diagonal

automorphisms

5§*1):ekv—>(1+0)ekv 0<—v<k<n) e = er (0<v <k <n),

with invertible 1 +c € 1 + As.
According to [13], for simple symmetric roots r and 7 # r (¥ = r) of a system roots ® of type
D,, (n > 4), an isomorphic embedding ™~ of the subgroup

S ={a=lawl|| € SL(2,K) : 2ai11a12 = 2a1a22 = 0}
of the group SL(2, K) into the group Aut ND, (K) is defined by the rule

Q: e = ane, + ainer, €r — agi€r + ager, es —es (s € I\ {r,7}).
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The description of automorphisms of Lie rings N®(K) of classical types is completed in [13].
It is summarized by the following theorem.

Theorem 2. Any automorphism of the Lie ring NC,(K) (n > 4) is a product of the standard
and hypercentral of V(®, K) automorphisms. For the Lie ring NB,(K) (n > 4), a semi-diagonal
automorphism is added as a factor, and for the Lie ring ND,(K) (n > 4) an automorphism of
S is added as a factor.

Remark that the ideal L3 is not even invariant under the hypercentral automorphism x: 4.
On the other hand, we have the following lemma.

Lemma 4. The ideal Ly in the Lie algebra N®(K) of rank > 4 of the classical type is always
characteristic.

Proof. Obviously, the ideal Lo in the Lie algebra NB, (K) is x;q-invariant. Its V(®, K)-
invariance follows directly from the definitions of the other main hypercentral automorphisms of
height > 1 in all cases with regard to the restriction on Lie rank, [13,14].

Graph automorphisms of Lie algebras N®(K) of rank > 4 are defined only for root systems of
the same length (more precisely, for A,, D, and E, types, n = 6,7,8). As noted above, in these
cases all ideals of L., are characteristic. With respect to diagonal (and ring) automorphisms, all
one-dimensional subalgebras Ke, are invariant, and therefore any L,, ideals are invariant. This
is also true for semi-diagonal automorphisms of the Lie algebra NB,,(K).

The inner automorphisms act on L,,, identically modulo L., +1, which also implies J-invariance
of all L,,. Taking into account that under the conditions of the lemma the center Z; always is
in Lo, we obtain the characteristic of the ideal Ly with respect to any standard automorphism.
This completes the proof of the lemma. O

The first statement of main theorem 1 is given by Lemma 4. Let us prove the second state-
ment.

The Lie algebra N®(K) of type A,_1 is represented, as above, by the algebra A(R) for
R = NT(n,K) (n > 4). The group automorphisms Aut A(R) is factorized by the product (2),
and its normal subgroup Z - J -V acts identically modulo Ls.

Let i’ :==n+1—1. According to [12], any idempotent g of the ring K defines a Lie automor-
phism

Ty ey = geij + (1)1 = g)ejr, 1< G <i<n,

called idempotent and W =< 1, | g € K, g?> = g >. In particular, for the case i’ = i + 1 we
obtain the characteristic ideal
Tiri—1 = 10(Tiv1i) = Tit1i

of the Lie algebra A(R).

Any local automorphism ¢ of the Lie algebra A(R) acts on an arbitrary element modulo Lo
as a suitable automorphism of D - W. Taking into account that ¢ is K-module automorphism,
we have, up to its multiplication by an automorphism of D - W,

plea1) = ea1, @(xear) = xp(ear) = xegr mod Le  (x € K).

We need the following lemma (cf. [15, Lemma 1.3.5]).
Lemma 5. If p(ea1) = ea1 for a local automorphism ¢ of Lie algebra A(R) (n > 4), then

(eit1i) € Tiyri+ Lo, 1<i<mn. (3)
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Proof. Assume that the inclusion (3) is violated for some number 4, 1 < i <n and i’ # i+ 1.
Taking into account the condition n > 4, for some idempotent f # 1 we obtain, up to a
multiplication of ¢ by a diagonal automorphism, the following equalities:

80(621) = €21, <P(€i+1i) = Tf(ei+1i) mod R27 1—f#0.

Since there exists automorphism ¢ € Aut A(R) acting on e2; + €;41; similarly to ¢, so

ea1 + feir1s + (1 - f)ei/i/fl = 7/1(621) + 1/J(€i+1i) mod Ly. (4)

We can assume that 1 € D - W and hence ¢ = §7, for a suitable idempotent g and diagonal
automorphism §. If i < n — 1, then (n,n — 1)-projection of the element (4) on the right is in
(1—g)K*, and on the left is zero. Hence g = 1 and ¢ = §. Comparing now (i’,4’ — 1)-projections
of matrices in (4) on the right and left, we obtain the equality 1— f = 0, that gives a contradiction.

It remains to investigate the case i = n — 1. Using (4), we find invertible elements ¢,d € K
such that

(2— flea1 + fenn—1 = (gear + (1 — g)enn71)6 + (9enn—1+ (1 — 9)621)6»

(2= flear + fenn—1 = (cg +c(1 — g))ear + (d(1 — g) + dg)enn—1-

The last equality gives d = f. It is easily follows f = 1. This contradicts to the condition f # 1.
O

As corollary of the proved lemma we obtain the equalities for some elements ¢; € K
(,0(61'4_12') = Ci€i+14 (mod LQ).

Now the equality (2) shows that ¢ acts on each element of e;11; modulo Ly as a suitable
automorphism of D. It follows that all elements of ¢; are invertible in K. This completes the
proof of the theorem for the type A,.

Any local automorphism of the ¢ Lie algebra N D,,(K) acts on arbitrary element, as a suitable
automorphism. Up to multiplication by an automorphism, one can even assume that the equality
@(e2,_1) = €2 _1 is satisfied.

Then ¢ acts modulo Ly on each element e;11; as a suitable automorphism from the product
D . S. Therefore

(eg1) = azies,—1 +ciear  mod Lo,

@(eit1i) = cieip1i mod Ly, 2 <i<n,

where all elements of ¢; (1 < i < n) are invertible in K and 2as; = 0. Up to multiplication of ¢
by a diagonal automorphism, we can assume that ¢; =1 (1 < ¢ < n). Then ¢ acts modulo Lo as

1 0
o= .
a921 1

Further we note that if an ideal of an algebra is characteristic, then it is invariant with respect
to any local automorphism of the algebra. From the Theorem 2 easily implies the following lemma

an automorphism & with matrix

Lemma 6. In the Lie ring NCyp(K) (n > 4), the ideals T;; for i < n and the ideals T;, for
v < 0 are characteristic.
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It follows from lemma that the ideal T» _5 is characteristic in the Lie algebra NC,,(K) (n > 4)
and this shows that any local automorphism of ¢ induces a local automorphism of the factor
algebra

NCW(K)/Ty,—o ~ NA,(K)~NT(n+1,K),

moreover, ¢(Ty _1) = T1 _1. Applying the proved case for the type A,,, we obtain the statement
of the theorem for the type C,,.
In the Lie ring NB,(K) (n > 5) the ideals Tho and Ty + To; are always characteristic and

NB,(K)/Ty ~ NA,_1(K) ~ NT(n, K).

Applying the proved case for the type A,,, we obtain the statement of theorem for the type B,,.

The theorem is proved. O

3. Some remarks

The algebra R is called enveloping for the Lie algebra L if replacing the multiplication in R
with new axb := ab—ba gives algebra R(~) isomorphic to L. It’s obvious that Aut R C Aut R(7),
[16]. Unlike the Lie algebras N®(K) the enveloping algebras (in general, non-associative) that
are constructed for them in [16,17] depend on the choice of signs of the constants N, ;.

When the choice of signs of the constants of the Lie algebra N®(K) of the classical type
corresponds to its representation in [9], the enveloping algebra is denoted by R®(K). The
developed methods are applicable for transferring the main theorem to algebras R®(K).

The restrictions in the main theorem on the rank of n are related to the fact that some
basic hypercentral automorphisms of the Lie algebra N®(K) of classical Lie type for small n can
remain automorphisms that are not hypercentral automorphisms. In these cases, the action of
Aut N®(K), modulo Ly, becomes exceptional. See [4,12] for the type A, and the description of
Aut NDy(K) in [9].

The author thanks professor V. M. Levchuk for statement of a problem and attention to the
work.
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JlokajabHbIe aBTOMOP(U3MblI HUJILTPEYTOJbHBIX I101aJTedp
asareop llleBaJjie KJjIaccu4ecKuxX THUIIOB

HNropr H. 3oTos

WNucruryT MareMaTuku u pyHIAMEHTAILHON HHMOPMATHKI
Cubupckuii desiepajbHbIil YHUBEPCUTET

Csoboaunrii, 79, Kpacuosipck, 660041

Poccusa

Hcenedyemes 3adava onucanus A0KGADHBIT GBMOMOPHUIMOE HUALMPEY20AbHOU nodanzebpb. arzebpvl
Ilesanne 1ad accouuamMueHoO-KOMMYMATMUBHBIM KOABUOM € eUuHUYET.

Kaoueswie caosa: asmomophuam, A0KaroHbil G8MOMOPHUIM, CMAHOAPMHLIT UeHRMPALLbHbl PAO, TAPaK-
mepucmuveckutl udeas, anzebpa Llesarne, nusvmpeyzosvras nodaszebpa.
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